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Abstract — In this paper, we propose a new triangular finite element mesh generation method based on simplification of high-
density mesh and adaptive Level-of-Detail (LOD) methods for efficient CAE. In our method, mesh simplification is used to
control the mesh properties required for FE mesh, such as the number of triangular elements, element shape quality and size
while keeping the specified approximation tolerance. Adaptive LOD methods based on vertex hierarchy according to
curvature and region of interest, and global LOD method preserving density distributions are also proposed in order to
construct a mesh more appropriate for CAE purpose. These methods enable efficient generation of FE meshes with properties
appropriate for analysis purpose from a high-density mesh. Finally, the effectiveness of our approach is shown through

evaluations of the FE meshes for practical use.
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1. Introduction

For efficient product development, it is effective to
perform CAE at the stage of the design as early as
possible. One of the key issues for realizing this is
efficient mesh generation of product shape for FEA. In
CAE, several kinds of FE meshes for one product shape
are required corresponding to different analysis purposes,
such as rough or fine, structural or dynamical analysis,
because the processing time and accuracy of analysis
depend on several mesh properties, such as the number
of elements, quality of clements and mesh density.
Therefore, an efficient generation method for several
property-controlled meshes of the product shape is
desired for achieving efficient CAE.

In this paper, we first propose a method for finite
element mesh generation from a high-density triangular
mesh based on mesh simplification using edge collapse.
The overview of our research is shown in Fig. 1. We
assume that the input mesh has high quality and high-
density. The approaches for obtaining such meshes are
described in Section 3. In contrast with several existing
mesh simplification approaches {7, 8, 11], our mesh
simplification can explicitly manage the geometric and
topological mesh properties required for FE meshes
(geometric errors, valence, element shape quality and
size) by specifying thresholds for each property. Vertex
based mesh hierarchy is constructed as a result of
simplification, therefore the number of elements can also
be easily increased or decreased (Section 4).

Using mesh hierarchy, adaptive LOD methods for FE
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mesh generation are also proposed: curvature based and
region specification based method. Finally, a global
LOD method preserving mesh density distributions is
presented in order to control the number of triangle
elements without loss of density distributions (Section 5).

In our research, we handle only triangular meshes, and
they are generally used in shell analysis. However, the
analysis for the 3D solid object requires tetrahedral volume
meshes. The volume mesh generation from the surface
mesh can be done by using well-known meshing method
such as Delaunay or advancing front method [15].
Therefore, we use one of these methods in order to perform
volume mesh analysis using the surface mesh resulting
from our method as shown in Fig. 1. We assume that the
input meshes are limited to conforming triangular meshes.
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Fig. 1. An overview of our approach.
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2. Related Works

General mesh generation for CAE is done by meshing
of a solid model of product shape, and much research
on automatic mesh generation has been done [15].
Delaunay, octree and advancing front method are
becoming common, and many commercial systems for
finite element mesh generation adopt these methods.
However, in these mesh generation approaches, the
meshes with different properties have to be generated by
individually meshing the solid model, and controlling
the mesh property therefore becomes time-consuming.

On the other hand, several approaches for generating
high-quality meshes from low-quality meshes have been
developed, for example, mesh quality improvement based
on facet clustering, vertex insertions and local Delaunay
triangulations {2, 3], mesh subdivision and simplification
based quality improvement [4], and re-meshing using
mesh parameterizations [5, 12] and geodesic distances
[13]. However, simultaneously satisfying the requirements
of controlling the properties for FE mesh was difficult in
these approaches: explicit managing of geometric errors
and element shape quality, preserving sharp edges and
flexible control of the number of elements and local
mesh density.

In our approach, mesh simplification is used to control
the mesh properties required for FE meshes. Much
research for mesh simplification has been conducted in
the area of computer graphics [7, 8, 11, 14], and these
studies have become common and indispensable to
many mesh applications. Their main purpose is to improve
rendering speeds [7, 8], to compress model data, to
transfer data efficiently [14] and to reduce the cost of
several geometric calculations [10]. These methods
propose attractive mesh simplification from the aspects
of fast computation, accurate geometric approximation
and high visual fidelity in simplified mesh and
topological changes of the model. However, the quality
or properties of mesh suitable for analysis could not be
considered in these studies.

Several adaptive LOD methods that can effectively
generate locally dense mesh after mesh simplification
were also proposed in computer graphics area, for
example, view dependent LODs, which generate locally
dense mesh at region of interest [6, 9]. They also
provided data structures to achieve efficient LOD. These
approaches are suitable for keeping the rendering quality,
but criteria of LOD is not appropriate for FE mesh
generation use. So, we propose new LOD criteria that
can generate the mesh efficiently according to the
analysis purposes.

3. High-Quality Dense Mesh Generation
As mentioned in section 1, the input of our method is

the high-quality dense mesh. Such mesh can be obtained
using existing meshing algorithms of the solid model

[15]. Meshing the solid model often fails when the
model geometry is complex. However, on the contrary, a
high-density mesh can be generated more stably from a
solid model than the low-density one.

Several existing mesh quality improvement and re-
meshing methods described in previous section [2-5, 12,
13] can also be used to generate high-quality mesh from
low-quality mesh. If the resulting mesh is coarse, we can
apply the simple one-to-four splitting of the triangular
elements to it for generating high-quality dense mesh.
The quality of the resuiting mesh is still high because
this type of subdivision can hold the element shape
similarities.

4. Mesh Simplification for FE Mesh Generation

4.1 Mesh property metrics

The following metrics are used to evaluate the
properties of FE mesh: geometric errors in edge collapse
operation [8], element size and element shape quality.

1) Geometric errors in simplification

In order to evaluate the geometric error caused by
applying edge collapse (i, j) — & using the extension of
Garland and Heckbert [7]. The error d;; (k) for an edge
(i, ) can be written as follows:

dyj () =pi (Ai+ A)p{ +2B;+B)p+C,+C; (D)
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In each equation, the vector p,=(x,y, z)" shows the
position of the vertex i, ny is the unit normal vector of
the triangular element f, and f*(i) indicates the set of
triangular elements connected to vertex i Vector d,=
(doxs Ay d,.)" shows the unit direction vector of an edge
e, and e* (i) is a set of incident edges for the vertex i on
the sharp or boundary edges of the model.

The first terms in Eqs (2)-(4) represent the sum of
squared distances between the new vertex position p;
and the planes, which are defined by triangular elements
connected to old vertices i and j. The second terms in
Eqgs (2)-(4) evaluate the squared distances from the new
vertex position and the line defined by the edge on
feature edges. Here, the feature edges mean sharp,
boundary, and non-manifold edges. We add these terms
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to Garland’s measure [7] in order to evaluate error on the
edges, because preservation of the feature edges is very
important in finite element mesh.

Weight w, controls the strength of feature edge preser-
vation. In our simple implementation, we identify the
sharp edge by evaluating the dihedral angles between
two neighboring triangles, and determine the weight w,
according to them (it takes a larger value for sharper
edges).

2) Element size

The size of a triangular element is defined as the
longest edge length of the triangular element f, and is
denoted by Sz( f) = maxeex sy L, Where /. is the length of
the edge e and e*(f) is a set of edges (sides) of 1.

3) Element shape quality

The shape quality of a triangular element is evaluated
using the stretch, which is one of the measures of
element shape quality commonly used in the CAE area.
Stretch is calculated by S, (/) = (V12 / max eexs) L)

«/H ce e*(/’)(s_le)/ . where s is half of the sum of three

edge lengths of a triangular element £. The value of S( /')
is 1 for an equilateral triangle and decreases gradually
for a distorted triangle.

4.2 Mesh Simplification Algorithm

Much research for mesh simplification has been
conducted in the area of computer graphics [7, 8, 11,
14], and these studies have become common and
indispensable to many mesh applications. These
methods offer attractive mesh simplification from the
aspects of fast computation, accurate geometric approxi-
mation and high visual fidelity. However, the quality and
other properties of mesh required for FE analysis were
not considered.

In our research, we apply the mesh simplification to
high-density meshes in order to control the properties of
finite element mesh. Comparing with existing simplifi-
cation methods, the quality of mesh and the other
important properties for analysis in the simplified mesh
can be explicitly controlled in our method by specifying
thresholds for tolerance t7;, stretch tg; element size tsz
and valence t;.

Our mesh simplification consists of the following four
steps, as shown in Fig. 2.:

Stepl: New vertex position calculation

For all edges (or edges modified by edge collapse), the
new vertex positions resulting from edge collapse are
calculated.

Step2: Valid edge extraction

All edges (or edges modified by edge collapse) are
checked for whether edge collapse can be applied or not.
If the edge satisfies the user-specified thresholds for
mesh properties, the edge is tagged as valid edge, and
becomes candidates for edge collapse. If there is no valid

Mesh Simplification and Adaptive LOD for Finite Element Mesh Generation (b

Dense Error evaluation indices
mesh
M/ New vertex || New vertex positions {p,}
Y *| position
calculation Thresholds
) Usrs Tsz> T T
A Priority
Valid edge s lr;;iu;es
"1 extraction —L Priority 4 Coarse
index ] mesh
; calculation - ;
Valid edges A%]:()ilgéng M
| collapse

Fig. 2. Mesh simplification algorithm.

edge, the algorithm terminates.

Step3: Priority index calculation

For each valid edge, the priority index for determining
the order of edge collapse operations is calculated.

Step4: Applying edge collapse

Edge collapse is applied to the edge with the largest
priority index, then return to Step 1.

In step 2, the user specified thresholds for mesh
properties can be guaranteed. By defining the priority
index appropriately so as to evaluate the degree of
quality preservation in step 3, high-quality coarse mesh
can be obtained through a mesh simplification process.
By storing the collapsed edge and neighbour information
based on an appropriate data structure, such as
progressive mesh structure [8, 9] and multi-triangula-
tions [6], the mesh hierarchy can be constructed, and
therefore meshes with different resolutions can be
obtained quickly after simplification.

4.2.1 New vertex position calculation

The new vertex positions py resulting from the edge
collapse (i, j) — k are calculated for all edges. In our
approach, two positions are adopted as candidates. The
first is the midpoint of edge (i, /). This can preserve the
mesh quality well in case of high-quality mesh. The
second is the vertex position that minimizes the
geometric error defined by equation (1). This can be
determined by p;=—(A;+ A,y (B; + B;)". Either position
is selected from these candidates according to the result
of valid edge selection, as described in the next section.

4.2.2 Valid edge extraction

In order to satisfy the user-specified thresholds for
tolerance Ty, stretch tgp element size T and valence
Ty, all edges are checked for whether or not the local
mesh near the edge satisfies the thresholds after the edge
collapse operation. The edges are identified as valid
when they satisfy the following conditions: C1) geometric
tolerance: d, (k) <17, C2) lower limit of element shape
quality:V £ € f*(k); St(f) = tsr, C3) upper limit of the
element size: V f€ f*(k); Sz(f) = 15z and C4) upper
limit of the valence: lv*(i)|+|v*(j)|—4s 7, , where, v¥(i)
shows a set of neighboring vertices of vertex i. Vertex k
is the one generated from edge collapse for the edge (i,
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j), and evaluation for f*(k) can be done using the new
elements connected to vertex k&, which are created
temporarily. By evaluating the change of directions of
the triangular element normals before and after edge
collapse, we avoid mesh foldover (7, 11].

We assume that the input high-density mesh satisfies
the upper limit of element size tsz and valence t,;, and
lower limit of stretch ts. Upper limit conditions for tg;
(C3) and 1,,(C4) can be mostly satisfied in meshes
generated by the high-density ‘mesh generation appro-
aches described in section 2. However, they often do not
satisfy condition C2. In such a case, for satistying Ty,
only edges which do not satisfy C2 are collapsed until
all triangular elements satisfy the tgr in the first step of
simplification.

4.2.3 Priority index calculation and edge collapse

The priority index, which indicates the priority of edge
collapse applications, is calculated for each valid edge.
We define the priority index so that the edge with a
larger index has a higher degree of element shape quality
preservation and uniformity of element size after
collapsing it. The priority index p;; for the valid edge (i,
J) is defined as p;; = Szpr % Stygy % Stave. The first term
Sz denotes the average of the ratios of the size of the
trlangjlar elements to the user-spec1ﬁed maximum size
in current mesh: Szpr=| £ *(i, ])I Zfeﬁ(l j)Tsz/S (f),
where f*(i,j) shows the triangles connected to edge
(4,7). This makes the element size uniform. The second
and third terms, Sty and Sz, respectively represent
the minimum and the average of stretches of newly
generated elements by collapsing the edge (7,j), and are
defined by Stygy= min . SH(f)and St =|f* k)"
D re ﬁ(k)St( ). Applymg the edge collapse to the edge
(#,7) with larger p;; means that the elements with better
quality and more uniform size are generated locally in
the resulting coarse mesh. Therefore, edge collapse is
applied to the edge with the largest priority index.

5. Adaptive LOD for FE Mesh Generation

Locally detailed mesh is needed for more accurate
analysis after the rough analysis. In this section, adaptive
LOD methods for FE mesh generation are described to
obtain the locally detailed mesh. The adaptive methods
are done after global, uniform density control using the
mesh simplification method described above.

5.1 Local LOD

In order to achieve efficient local LOD, the data
structures based on vertex hierarchy [9] and directed
graph [6] are proposed. We adopt vertex hierarchy
structure based on binary tree [9]. In this structure,
parent node corresponds to a vertex generated by edge
collapse, and its two children are the collapsed vertices.

All triangular elements in the meshes at different
resolution levels generated by the method in section 3

satisfy the user-specified threshold for stretch. Therefore,
in order to avoid expensive quality recalculations during
changing the LOD, we adopt the triangular elements that
appeared in the simplification process for the ones in
every adaptive LOD. To achieve this, at every node, we
make the pointers to the neighboring vertices (vsfars,
Fig. 3(a)) when edge collapse is applied during
simplification. For the criterion of density management,
the average size of vstars (e size) is also assigned to
each node at the same time. Finally, each node has a
front flag, which represents whether it is on the active
mesh or not. The node with true front flag (front node)
indicates that it is on the active mesh.

Vertex split is the operation where the front moves
down from a node to their children in the tree, as shown
in Fig. 3(b). This can be applied when all vstars of the
node to be processed are included in front nodes. If it is
not applicable, by traversing the tree from the vstars to
their parents, and by applying vertex split iteratively to
their parents, all vstars can be added to the front nodes
and vertex split of the target node can be done. On the
other hand, edge collapse moves up the front from
collapsed nodes to their parent. This is done when all the
vstars of collapsed nodes are included in the front ones.
If they are not, similarly to the vertex split, by traversing
vstars to the children and applying edge collapse
repeatedly to them, edge collapse for the target vertex
pair in the current front nodes can be done.

5.2 Index of mesh density and execution of local LOD

Mesh density can be managed by the threshold 7 for
element size. This threshold is assigned to the vertices.
Vertex split is done when the value T is smaller than the
e_size of the node. As a result, the elements whose sizes
are smaller than threshold 7 can be reconstructed locally.
Also, using the Ts, we can specify the mesh density by
the ratio between element sizes. When the ratio between
the size of arbitrary element and target element sizes is
defined, we first calculate the T's using each element size,
then the resulting 7 can be used for mesh density control.

5.3 Adaptive LOD
5.3.1 Local density control
a) Curvature based LOD

Local mesh is detailed according to the curvature of
shape. First, mesh curvature at each vertex of input high-

Edge vstar of k Front nodes

" collapse / after EC of
P' (EO A g ity JAN <, (08, 19)
o
‘ Vertex Front nodfes after
split (VS) VS of n4

(a) EC, VS and vstar

(b) An example of vertex hierarchy

Fig. 3. Edge collapse and vertex hierarchy.
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density mesh is calculated using the curvature evaluation
method (In our implementation, we adopt the method of
Alliez [1]), and maximum curvature x; is stored at each
vertex. Then, in the edge collapse at the stage of mesh
simplification, the new vertex k inherits the largest
curvature from the collapsed vertices (& <= max,, e ; /).
Curvature based adaptive LOD is done by defining the
Ts according to «; at each front node, and by executing
the local LOD method described in section 4.2. In our
approach, the maximum curvature value of the input
mesh corresponds to 75 =0 (i.e. original small elements
are generated near the high curvature region, such as
sharp edges and corners), and 75 gradually becomes
larger depending on the value of «;.

b) Region specification based LOD

High-density mesh can also be generated in the user-
specified region of interest. This is done by directly
specifying the thresholds Ts of certain elements or
vertices in the interactively-selected region, and then by
executing local LOD. In this LOD, we have to inherit
the 75 during vertex split operations. To preserve the
position of user-specified region on the mesh, only a
nearest child vertex from original T -specified position
inherit Ty from its parent.

5.3.2 Global LOD with mesh density preservation

In some situations, users want to increase or decrease
the total number of elements without loss of original
density distributions. To meet this requirement, a global
LOD method which can preserve mesh density
distribution is proposed. First, a new variable Sggr is
introduced for each vertex in the tree. For each front

(b) Simplified mesh 1

Fig. 4. Simplification results of hard disk cover model.

(a) Original mesh

(a) Original mesh (b) Simplified mesh 1

Fig. 5. Simplification results of casting part model.

(c) Simplified mesh 2

(c) Simplified mesh2
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node i, e size is substituted for its Sggr (Srer(?) <
e size(i)). Children of front nodes inherit the Sggr
directly from the front nodes (Sger(), Srer(J )<Srer (k)
and for each parent k& of front nodes, we assign the
average of two Sggr of its children i and j to it (Sger(k)
<« (SpeA(1) + Srer( j))/2). According to this rule, we can
assign Sgzr to all nodes in the tree. Then, we calculate
the ratio » of element size from front for all nodes in the
tree as r=e size/Sper. Making r uniform in the mesh
means that the density distribution of the initial mesh is
preserved in the different meshes in LOD. Therefore, for
reducing the number of elements, edge collapse is
applied to the vertex pair which has the parent with the
smallest . On the other hand, the vertex split is applied
to the vertex with the largest r for increasing the number
of elements.

6. Results and Evaluations

The meshes obtained by the proposed mesh simplifi-
cation methods from high-quality dense meshes are
shown in Figs. 4-6. The dimensions and the number of
triangular elements of each model are shown in Table 1.

The input mesh of hard disk cover in Fig. 4(a) was
generated by applying advancing front method [15] to
the solid model. From (b) and (c), it was confirmed that
high-quality coarse mesh could be obtained by our
method. Fig. 5 shows the resulting casting part model
meshes generated from the mesh quality improvement
method [4] of the STL model. Our approach can also be
applied to the mesh obtained from 3D scanning. The
results for the crankshaft mesh scanned by industrial X-
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Table 1. Mesh properties.

Model Stat Number of Thresholds Stretch Size Valence

(Dim: Hx W x D) ate elements (T, TsTs Tsz, Tvi) (ave, min) (max) (max)
) . (2 Ongnal 78,488 0.84,0.03 314 9
Hg‘lrgldési cover 'XFigé)“' (b) Simplified 1 12,000 (0.15,02,15.0,12) 074,025 522 10
: 6x49) () Simplified 2 6,000 (0.15.02,150,12)  0.62,0.20 10.75 12
: . (a) Original 30,000 0.69, 0.02 15.93 10
(Csafg’;gxpggg' F 12g7’75)' (b) Simplified 1 14,000 (1.0,0.2,50.0,10) 071,020 19.36 10
: (c) Simplified 2 7,000 (1.0,02,50.0,10) 0.6, 0.20 31.95 10
. (a) Original 974,754 0.63, 0.03 1.73 12
(19%36‘“;5?2? i 'i‘%“g’g) (b) Simplified 1 50,000 (5.0,02,300,15) 067,020 15.4 13
: : 8) () Simplified 2 20,000 (5.0.02.30.0,15)  0.62,020 2532 10
. o (a)Curvature 27,630 0.76,0.21 8.09 10
H(alrgld;'; cover 'XF‘;%)S' (b) Region 8,782 0.67, 0.20 10.75 12
: 6x49) (&) Global 13,550 0.74,0.25 538 10

ray computed tomography device are shown in Fig. 6.
Similar to the previous results, high quality coarse
mesh could be obtained from dense meshes using our
quality preserving mesh simplification. Used simplifi-
cation parameters (thresholds for properties), the evalua-
tions of minimum stretch, maximum size and valence
are summarized in Table 1. The stretch distributions of
each mesh are also shown in Figs. 4-6(d). From these
results, it was shown that the user-specified thresholds
for element shape quality and size are satisfied.

The effectiveness of the feature edge preservation
measure described in section 3 is shown in Fig. 7. Fig.
7(b) shows the result of mesh simplification without
feature edge preservation, and (c) shows the one with the
feature edge preservation. The resulting meshes have
similar number of elements (about 10k triangles). From
the figures, it was confirmed the shape of the feature
edges could be preserved well using our approximation

4 '(ya)' Original mesh (b) Simplified mesh1

Fig. 6. Simplification results of crankshaft model.

(a) Original Mesh

Fig. 7. Effect of feature edge preservation.

(c) Simplified mesh2

(b) Mesh without feature edge
preservation

error metric for feature edges.

Adaptive LOD was applied to the mesh in Fig. 4(c)
and the results are shown in Fig. 8. Fig. 8(a) and (b)
show the results of curvature based and region
specification based LOD. The region was specified
around the large hole. Fig. 8(c) is the result of density
preserving global LOD of (b). From these figures, it was
confirmed that local density control and density-
preserving global LOD were executed appropriately
while quality thresholds were satisfied in the resulting
meshes from Fig. 8(d) and Table 1.

7. Conclusions

In this paper, a new FE mesh generation method from
triangular mesh using mesh simplification and adaptive
LOD was proposed. By introducing valid edge selection
and new criterion for edge collapse in the simplification
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(a) Curate based

Fig. 8. Adaptive LOD for hard disk cover model.

algorithm, FE meshes that satisfy user-specified thresholds
for tolerance, element quality, size and valence, could be
obtained from dense mesh. Adaptive LOD methods
based on curvature and region specification, and global
LOD method preserving mesh density distributions were
also proposed using vertex hierarchy and additional
attributes. Finally, the effectiveness of these methods was
proved by the mesh generation of actual product shapes.

Our future work is to extend our algorithm to
tetrahedral mesh generation based on volume mesh
simplification. In current approach, selective refinement
or coarsening according to the analysis results can be
done using region specification LOD, however re-
volume-meshing is required for analysis of the volume
mesh. The extension of our approach to the volume
mesh allows us to achieve more smooth sequential
analysis operations in several phases of CAE.
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