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Flexible Control of Multimaterial Tetrahedral Mesh Properties by Using
Multiresolution Techniques
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This paper describes a method for flexibly controlling the properties of a given multimaterial tetrahedral mesh for finite-element anal-
ysis. Our method is based on multiresolution techniques. A given mesh is first subdivided and then simplified so that the resulting mesh
satisfies the user-specified thresholds for mesh properties (element size, shape, valence, and geometric tolerance). Once the simplification
is completed, mesh resolution and density can be modified quickly by using level of detail.
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I. INTRODUCTION

T HE generation of high-quality mesh is a key technology
for improving the efficiency and shortening the time of

finite-element analysis. In particular, flexible control of certain
mesh properties, such as element size, element shape, and va-
lence of nodes is required for performing an efficient and ac-
curate analysis. We have developed a method for improving
the quality and controlling certain properties of given triangular
meshes [1]. This method is based on the multiresolution tech-
nique of mesh models (i.e., mesh subdivision, mesh simplifica-
tion, and level of detail (LOD).

This paper describes an extension of our previous method [1]
of multimaterial tetrahedral meshes for electromagnetic (EM)
analysis, and shows the effectiveness of a multiresolution-based
method. The central feature of the proposed method is flexible
and robust control of the properties (element size, element
shape quality, valence of node, and geometric tolerance) of
a given tetrahedral mesh use thresholds for each property.
Through mesh subdivision and simplification, high-quality
meshes with controlled size, quality, valence, and tolerance are
generated from a given mesh. Furthermore, by using the LOD
technique, meshes with different resolutions can be obtained
quickly. Therefore, the multiresolution mesh with good proper-
ties is useful for the adaptive finite-element method (FEM) and
the multigrid method.

For tetrahedral mesh generation, the Delaunay method, oc-
tree method, and advancing front method [2] are widely used
and implemented in many commercial finite-element meshers.
Recent extended approaches, for example, in [3], can create
well-shaped tetrahedral meshes robustly. The meshes generated
by these methods can be used as inputs of our method. The
methods for simplifying tetrahedral meshes have also been pro-
posed [4], [5]. However, explicit mesh property control was not
considered, and applicableness to the analysis was not shown.
This paper provides a new strategy for mesh property control
and a simple scheme of mesh simplification considering the ap-
plication of simplified meshes to the finite-element analysis, and
shows the effectiveness of mesh property control based on mesh
simplification to the analysis.
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Fig. 1. Overview of our method. (a) Mesh generation procedure for finite-ele-
ment analysis. (b) Mesh processing strategy.

Fig. 2. Edge collapse and vertex (node) split.

II. BASIC CONCEPT AND OVERVIEW

The basic strategy for controlling the mesh properties is to
manage them via simplification of a high-density mesh. There-
fore, a given mesh is first subdivided in order to obtain enough
degrees of freedom for property control in the simplification.
Then, the resulting mesh is simplified as shown in Fig. 1. In
our method, four mesh properties can be controlled by using
thresholds for each property. They are geometric tolerance in
the simplification , upper limit of element size (target size)

, lower limit of stretch , and the upper limit of the va-
lence of node . As a result, the mesh satisfying them can be
obtained.

In our method, we subdivide the mesh simply by inserting
midpoints for all edges exceeding a certain length, which is ex-
perimentally determined as half of the target size. In the simpli-
fication step, an edge collapse operation [6] (EC: ) as
shown in Fig. 2 is adopted. The EC collapses an edge to a single
node, and its inverse operation is known as the vertex split.
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III. METRICS OF MESH PROPERTIES

Before describing the detailed algorithm for simplification,
we will show the metrics for the evaluation of mesh properties.

A. Geometric Errors in Simplification

The geometric error of the model surface and boundary
between the materials caused by applying an edge collapse

is evaluated by using the method of quadric error
metrics [7]. This error represents the sum of squared distances
between the new node position and the planes, which are de-
fined by triangular faces connected to vertices. The error
for an edge can be written as follows:

(1)

where , ,
, , , and

, the and shows the unit normal
vector of the triangular element and position of node , and

indicates the set of triangular elements on the model sur-
face and material boundary connected to node .

B. Element Size

The size of a tetrahedral element is defined as the longest
edge (side) length of the tetrahedron , where

is the length of the edge of the tetrahedron, and is a
set of the edges of tetrahedron .

C. Element Shape Quality

The element shape quality is evaluated by using stretch (the
radius ratio [2]). Stretch is defined by the normalized ratio of
the radius of the inscribed sphere and the radius of the circum-
scribed sphere of the tetrahedron, and is calculated by

(2)

where and are the volume and the surface area of tetrahe-
dron . The value of stretch is 1 for a regular tetrahedron, and de-
creases gradually for distorted tetrahedrons. The value of stretch
becomes zero for the degenerated tetrahedron.

IV. MESH SIMPLIFICATION FOR PROPERTY CONTROL

A. Simplification Method

1) Algorithm: The mesh simplification algorithm is shown
in Fig. 3. First, for all edges, new node positions for EC are
calculated (step 1). Then, all edges are checked for whether EC
can be applied or not (step 2). The edges satisfying the user-
specified thresholds are identified as valid edges. If there are no
valid edges, the algorithm terminates. Next, for each valid edge,
the priority index for determining the order of EC operations is
calculated (step 3). Finally, EC is applied to the edge with the
largest priority index, then returns to step 1 (step 4).

2) New Node Position Calculation: The midpoint and end-
points of each edge are adopted as candidates for the new node
position. For edges incident to inner nodes and those on the
boundary/surface of the materials, the new position is set to that

Fig. 3. Mesh simplification algorithm.

of the nodes on the material’s boundary/surface for the preser-
vation of their geometry.

3) Valid Edge Extraction: In step 2, all edges are checked for
whether the local mesh near the edge satisfies the user-specified
mesh property control parameters after the edge collapse oper-
ation. Candidates for the new position are progressively tested,
and if a candidate passes the test, then it is adopted as the new
node position. The edges are identified as valid when they sat-
isfy the following conditions:

• geometric tolerance ;
• the lower limit of the stretch ; ;
• the upper limit of the element size ; ;
• the upper limit of the valence

where , , and show a set of neighboring nodes
of the node , a set of the tetrahedrons connected to the , and
a set of triangular elements connected to the edge . Note
that evaluations for can be performed for the elements
connected to a new node in EC, which are created temporarily
by using the new positions of .

Moreover, the inner edges connecting the nodes on the sur-
faces of a material become invalid edges for preserving the the
model topology.

4) Priority Index Calculation: The priority index, which
shows the priority of edge collapse applications, is calculated
for each valid edge. Several definitions of the priority index can
be considered, and they determine the characteristics of the re-
sulting mesh in the simplification. We defined the priority index

for the valid edge by the degree of element shape-quality
improvement weighted by the ratio between the current and
target (user-specified) element sizes. It is written by

(3)

where shows the ratio between the thresholds (target)
for element size and average size of the elements connected
to the new node : .
The shows the degree of the element-shape-quality
improvement before and after the EC

. If we apply the
edge collapse to the edge with larger , then we can ob-
tain a local mesh with higher quality and closer-sized elements
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Fig. 4. Resulting meshes. Upper figures show the meshes and lower figures
show the stretch distributions. (a) Original multimaterial tetrahedral mesh of
motor. (b) and (c) Uniformly simplified meshes. (d) Locally dense mesh ob-
tained by distance-based size settings. (e) Locally dense mesh obtained from
different size settings by materials.

to the target in the coarse mesh. Therefore, the edge collapse is
applied to the edge with the largest priority index .

B. LOD

Meshes with different resolutions can be obtained by quickly
using the LOD technique after simplification. Two removed
nodes , a generated new node , and removed tetrahedrons
connecting the edge are stored as LOD information in
each EC application . The vertex split is achieved by
replacing node into , inserting removed tetrahedrons, and
by modifying the node connectivity of tetrahedrons connected
to the node , and vice-versa in EC. These operations can
be performed rapidly; therefore, swift control of a number of
elements can be realized after the simplification.

C. Local Property Control

In our method, the thresholds for mesh properties can be as-
signed into each edge. Therefore, local property control in sim-
plification can be achieved using different thresholds at local
regions. In our implementation, three methods for element size
control are realized: uniform sizing, region-based sizing, and
material-based sizing. Examples are shown in chapter V.

V. EXPERIMENTAL RESULTS AND APPLICATIONS

A. Resulting Meshes

Fig. 4 shows the resulting meshes of our simplification
method for a PM motor model consisting of three materials and

TABLE I
PROPERTIES OF RESULTING MESHES

Fig. 5. Comparison of the meshes. (a) Mesh generated by the Delaunay method
and its stretch distribution. (b) A mesh generated by out method and its stretch
distribution.

their stretch distributions. The initial mesh shown in Fig. 4(a)
was created by the tetrahedralization of a hexahedral mesh.
Fig. 4(b) and (c) is the result of uniform-size simplification.
Fig. 4(d) shows the mesh obtained by different size settings
according to the distance from the origin (center of rotor). The
mesh in Fig. 4(e) was generated from different size settings by
materials. In the resulting meshes, the surface of the mesh and
boundary shapes between materials were preserved according
to user-specified tolerance, and flexible density control could
be achieved through simplification.

Table I summarizes evaluations of the mesh properties. The
values in brackets denote the user-specified property control pa-
rameters. The results show that our approach could generate a
mesh that has controlled limits of face size, stretch, and valence
by specifying the property control parameters.

The computation time of the simplification from Fig. 4(a)–(c)
was about 40 s by using a PC (P-Core2 Duo 3.0 GHz). The
processing times for changing the number of tetrahedral ele-
ments by using the LOD were less than 1 s in all examples [e.g.,
Fig. 4(a)–(c)]. This means that our method can efficiently gen-
erate meshes that are suitable for limited computer resources for
analysis.

B. Comparison

Fig. 5 shows comparisons between the meshes resulting
from our approach and commercial software, which adopt
Delaunay’s method [2]. The high-density mesh with 105 k
tetrahedral and 22-k nodes was also generated by the Delaunay
method as an input of our method, and then simplification was
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TABLE II
COMPARISON OF MESH PROPERTIES

applied to it. The comparison of the mesh properties is summa-
rized in Table II. Comparing our mesh with the one obtained by
the Delaunay method, although structural regularity is not seen
in our mesh, the element shape quality of our mesh is similar to
the output of the Delaunay method.

C. Application to Finite-Element Analysis

The cogging torque of the PM motor was evaluated through
finite-element analysis by using the meshes shown in Figs. 4(a)
and 6(a). The high-density mesh was generated by a uniform
subdivision of Fig. 4(a), and the locally dense simplified mesh
was generated by our method. The torque and mechanical angle
are shown in Fig. 6(b). Compared with the result of the high-
density mesh, the simplified mesh provided higher accuracy of
analysis than that of the mesh shown in Fig. 4(a), and the number
of elements of the simplified mesh were smaller than that of
the original mesh. This means that the air and magnetic regions
were meshed by better-quality elements and sizes by using our
method.

VI. CONCLUSION

In this paper, a flexible property control method for multima-
terial tetrahedral meshes based on multiresolution techniques
was proposed. The basic approach was to manage mesh prop-
erties in mesh simplification of high-density mesh by using
new priority indices and EC application rules considering mesh
properties for analysis. Geometric tolerance, element size,
stretch, and valence of nodes could be controlled by using
the thresholds for each property. Once mesh simplification is
performed, the mesh with the desired numbers of nodes could
be obtained quickly by using LOD. Finally, the effectiveness
of our approach was shown via evaluations of mesh properties,
a comparison with the traditional meshing method, and the
finite-element analysis. These results showed that our method
could generate meshes which have a similar quality to the tra-
ditional meshing method, and improve the accuracy of analysis
by using the mesh with a smaller number of elements.

Our future works are as follows: fast local density control
by LOD using nodes hierarchy [8] and its application to the
adaptive FEM, and higher-quality mesh generation considering
the regularity of the mesh connectivity and symmetries.

Fig. 6. Results of finite-element analysis by using our meshes. (a) The meshes
used in analysis. (b) Cogging torque.
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